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Causality

Man's mind cannot grasp the causes of events in their completeness,
but the desire to find those causes is implanted in man's soul.

(Leo Tolstoy, War and Peace, 1869)
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Causality

Man's mind cannot grasp the causes of events in their completeness,
but the desire to find those causes is implanted in man's soul.

Without considering the multiplicity and complexity of the conditions |[...]
he snatches at the first approximation to a cause that seems to him intelligible
and says: 'This is the cause!’

(Leo Tolstoy, War and Peace, 1869)
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The Languages of Pearl's Causal Hierarchy [Judea Pearl '00, '09]

Recent Publications:

» [Dorfler, van der Zander, Blaser, Liskiewicz, ICALP '25]
[Dorfler, van der Zander, Blaser, Liskiewicz, ICLR '25]
[Mossé, Ibeling, Icard, Review of Symbol Logic '24]
[Gupta, Blaser, AAAI '24]

[van der Zander, Blaser, Liskiewicz, [JCAI '23]
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The Languages of Pearl's Causal Hierarchy [Judea Pearl '00, '09]

Given the fact, that | am feverish (F = yes), what is
probabilistic the probability that | have a headache (H = yes)?

(seeing)
Pr(H = yes | F = yes)
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The Languages of Pearl's Causal Hierarchy [Judea Pearl '00, '09]

cau.sal What is the probability that my headache
(doing) will be cured (H = no) if | take aspirin (A = yes)?

Pr([A = yes| H = no)
probabilistic T

(seeing) intervention
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The Languages of Pearl's Causal Hierarchy [Judea Pearl '00, '09]

cau.sal What is the probability that my headache
(doing) will be cured (H = no) if | take aspirin (A = yes)?

probabilistic causation:  Pr([A = yes] H = no) > Pr(H = no)
(seeing)
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The Languages of Pearl's Causal Hierarchy [Judea Pearl '00, '09]

cau.sal What is the probability that my headache
(doing) will be cured (H = no) if | take aspirin (A = yes)?

probabilistic causation:  Pr([A = yes] H = no) > Pr(H = no)
(seeing) no causation: Pr([A = yes|] H = no) = Pr(H = no)
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The Languages of Pearl's Causal Hierarchy [Judea Pearl '00, '09]

e 0
counterfactual
(imagining)
What is the probability that it was the aspirin
causal (A = yes) that cured my headache (H = no)?
(doing)

Pr(([A = no] H=no) | (A= yes A H = no))

~

probabilistic partial and chained interventions
(seeing)
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The Languages of Pearl's Causal Hierarchy [Judea Pearl '00, '09]

counterfactual
(imagining) base

causal
(doing)

comparisons

Pr(o) > Pr(®),
Pr(®) > 1

probabilistic
(seeing)
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The Languages of Pearl's Causal Hierarchy [Judea Pearl '00, '09]

counterfactual
(imagining) base linear

causal
(doing)

sums over probabilities

Pr(o) — Pr(®) > Pr(®),
2Pr(®) + Pr(®) > 3Pr(o)

probabilistic

(seeing)
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The Languages of Pearl's Causal Hierarchy [Judea Pearl '00, '09]

counterfactual
(imagining)

linear

causal
(doing) a )

polynomials over probabilities

Pr(0)? > Pr(®) + 0.5,
2Pr(9) — 0.1 > 3Pr(®)3

probabilistic
(seeing)
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Satisfiability in Pearl's Causal Hierarchy

SATISFIABILITY IN PCH

Input: A PCH-expression ¢ over variables V.
Task: Decide if there exists a model M that satisfies ¢.
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Satisfiability in Pearl's Causal Hierarchy

SATISFIABILITY IN PCH

Input: A PCH-expression ¢ over variables V.
Task: Decide if there exists a model M that satisfies ¢.

A model M = (V, U, F,P) consists of
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SATISFIABILITY IN PCH

Input: A PCH-expression ¢ over variables V.
Task: Decide if there exists a model M that satisfies ¢.

A model M = (V, U, F,P) consists of
> a set of observed variables V (implicitly well-ordered by <),
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Satisfiability in Pearl's Causal Hierarchy

SATISFIABILITY IN PCH

Input: A PCH-expression ¢ over variables V.
Task: Decide if there exists a model M that satisfies ¢.

A model M = (V, U, F,P) consists of
> a set of observed variables V (implicitly well-ordered by <),
» a set of hidden variables U,
» a set of functions F = {fy }yev with fy : (U,Vsy) — V,
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Satisfiability in Pearl's Causal Hierarchy

SATISFIABILITY IN PCH

Input: A PCH-expression ¢ over variables V.
Task: Decide if there exists a model M that satisfies ¢.

A model M = (V, U, F,P) consists of
> a set of observed variables V (implicitly well-ordered by <),
» a set of hidden variables U,
» a set of functions F = {fy }yev with fy : (U,Vsy) — V,
P a probability distribution P over U.
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Example—Satisfiability in Pearl's Causal Hierarchy
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Example—Satisfiability in Pearl's Causal Hierarchy

M:(V:{ i, Ve }7UZ{ U, Uz }7‘F:{fV1afV2}7]P>)

fV1:U1+U2, @+ Bob
fv, = U1 — Uo, . (- (&) ‘

P(Uy = i) = 1/6 for k € [2] and i € [6]. (]
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Example—Satisfiability in Pearl's Causal Hierarchy

M:(V:{ i, Ve }7UZ{ U, Uz }7‘F:{fV1afV2}7]P>)

)
fv, = Uh — Uz, . e .
P(Ux=1i)=1/6 for k € [2] and i € [6]. BB

A set of equalities satisfied by M:
Pr(Vi =2A Vo, =0)=1/36,
Pr(Vo=0| V1 =2)=1,
Pr([Vi =2] Vo =0) =Pr(V2=0).
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Example—Satisfiability in Pearl's Causal Hierarchy

M:(V:{ i, Ve }7UZ{ U, Uz }7‘F:{fV1afV2}7]P>)

f =2, 2
i Bob
fv, = U1 — Uo, (- (&)

P(Uy = i) = 1/6 for k € [2] and i € [6]. ()

A set of equalities satisfied by M:
Pr(Vi =2A V,=0)=1/36,
Pr(Vo=0| V1, =2)=1,
Pr([VA=2] Vo=0)=Pr(V2=0).
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Classical Complexity of Satisfiability in Pearl’s Causal Hierarchy

counterfactual
(imagining)
NP-complete NP-complete
causal
(doing) [Fagin, Halpern, ' [Fagin, Halpern,

Megiddo '90 | Megiddo '90 |

o [Mossé, Ibeling, = [Mossé, Ibeling,

probabilistic Icard '24 | Icard '24 |
(seeing)

Marlene Griindel (TU Vienna)

Gateways to Tractability for Satisfiability in Pearl's Causal Hierarchy



Our Results—Tractability in Pearl’s Causal Hierarchy

causal
(doing)

probabilistic
(seeing)
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Our Results—Tractability in Pearl’s Causal Hierarchy

causal
(doing)

probabilistic
(seeing)
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causal
(doing)

probabilistic
(seeing)
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Our Results—Tractability in Pearl’s Causal Hierarchy

causal
(doing)

probabilistic
(seeing)
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Our Results—Tractability in Pearl’s Causal Hierarchy

causal
(doing)

probabilistic
(seeing)
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Our Results—Tractability in Pearl’s Causal Hierarchy

e e ] (causal & counterfactual)
(imagining) FPT by |[D|+ [V| (XP by |V|)
e ) Can we improve? — NO
causal
(doing) no FPT by |D| + tw
pI’Obab.IllstIC FPT by |D| +tw (XP by tw)
(seeing)
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Our Results—Tractability in Pearl’s Causal Hierarchy

counterfactual (causal & counterfactual)
(imagining) FPT by [D| + V| (XP by |V])
f ) Can we improve? — NO
causal
(doing) no FPT by |D| + tw
probabilistic
pr?bab.llls)tlc FPT by |D| +tw (XP by tw)
see
e, Can we improve? — NO

Marlene Griindel (TU Vienna)

Gateways to Tractability for Satisfiability in Pearl's Causal Hierarchy



Our Results—Tractability in Pearl’s Causal Hierarchy

counterfactual (causal & counterfactual)
(imagining) FPT by [D| + V| (XP by |V])
f ) Can we improve? — NO
causal
(doing) no FPT by |D| + tw
probabilistic
pr?bab.llls)tlc FPT by |D| +tw (XP by tw)
see
e, Can we improve? — NO
no XP by |D| no FPT by tw
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Proof Sketch: Tractability for probabilistic & linear constraints

Input: set of constraints ¢

Pr(Vi=1AV3=1)>1 Output: Model M = (V, U, F,P)
Pr(Vo=1VVs=1)>2P(Vs=1VV,=1) with M = ¢, if it exists.
Pr(Va=1)>1
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Proof Sketch: Tractability for probabilistic & linear constraints

Input: set of constraints ¢ V={V, V5, V5,V }

PI’(Vl =1A V3 = 1)
PI’(VQ =1V V3= 1)
Pr(V, =1)

ARV

1
2
2Pr(V3 =1V V, =1)
1
3
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Proof Sketch: Tractability for probabilistic & linear constraints

Input: set of constraints ¢ V={V, V5, V5,V }
Pr(V1:1/\V3:1)2% - —
Pr(Va=1V Vs =1) > 2Pr(Vs = 1V V4 = 1) nice tree decomposition

Pr(Va=1)>1 0. o)
& Vo VD
(. )

T
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Proof Sketch: Tractability for probabilistic & linear constraints

Input: set of constraints ¢ V={V, V5, V5,V }

PI’(Vl =1A V3 = 1)
PI’(V2 =1V V3= 1)
Pr(V, =1)

nice tree decomposition
). —H)

Vo VD
-Gy -

U encodes edges in T,
F activates parts of encoding

ARV

1
2
2Pr(V3 =1V V, =1)
1
3
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Proof Sketch: Tractability for probabilistic & linear constraints

Input: set of constraints ¢

Pr(V1:1/\V3:1)2% - —
Pr(Vo=1V V5 =1)>2Pr(Vs =1V V; = 1) nice tree decomposition
Pr(Va=1)>1 0. o)

& Vo VD
! PR AN

Linear Program

bagwise assignments /

LP-variables capture
U encodes edges in T,

LP-constraints (1) rephrase ¢ F activates parts of encoding
& (2) ensure consistency
J

-
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Proof Sketch: Tractability for probabilistic & linear constraints

Input: set of constraints ¢
PI’(Vl =1A V3 = 1)
PI’(V2 =1V V3= 1)

nice tree decomposition
Pr(Vya=1)

0. o)
V. VD
(. W)
Linear Program T
bagwise assignments /

LP-variables capture
' ) .encodes edges in T, .
F activates parts of encoding

ARV

1
2
2Pr(V3 =1V V, =1)
1
3

LP-constraints (1) rephrase ¢
& (2) ensure consistency
J

-
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Conclusion

We covered

» Pearl’s Causal Hierarchy (PCH) as a means to formalize causal reasoning,
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Conclusion
We covered

» Pearl’s Causal Hierarchy (PCH) as a means to formalize causal reasoning,
» the problem of Satisfiability in PCH,
» the complexity of Satisfiability in PCH, in particular

» it is NP-complete even for the easiest fragments, but
» we identified islands of tractability and
» proved tightness of our results.

Future Directions

» analyse complexity of certain extensions of PCH (e.g., via explicit marginalization)
[van der Zander, Blaser, Liskiewicz '23]
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Conclusion
We covered

» Pearl’s Causal Hierarchy (PCH) as a means to formalize causal reasoning,
» the problem of Satisfiability in PCH,
» the complexity of Satisfiability in PCH, in particular

» it is NP-complete even for the easiest fragments, but
» we identified islands of tractability and
» proved tightness of our results.

Future Directions

» analyse complexity of certain extensions of PCH (e.g., via explicit marginalization)
[van der Zander, Blaser, Liskiewicz '23]

> further applications of treewidth-guided Linear Programming
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