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Abstract

We study a simple Markov chain, known as the Glauber dynamics, for generating a random
k-coloring of a n-vertex graph with maximum degree ∆. We prove that the dynamics converges
to a random coloring after O(n log n) steps assuming k ≥ k0 for some absolute constant k0, and
either: (i) k/∆ > α∗ ≈ 1.763 and the girth g ≥ 5, or (ii) k/∆ > β∗ ≈ 1.489 and the girth g ≥ 6.
Previous results on this problem applied when k = Ω(log n), or when k > 11∆/6 for general
graphs.

1 Introduction

Markov Chain Monte Carlo (MCMC) is an important tool in sampling from complex distributions.
It has been successfully applied in several areas of Computer Science, most notably computing the
volume of a convex body [6], [13], [14] and estimating the permanent of a non-negative matrix [11].

Generating a (nearly) random k-coloring of a n-vertex graph G = (V,E) with maximum degree ∆
is a well-studied problem in Combinatorics [2] and Statistical Physics [16]. Jerrum [10] proved that
a simple, popular Markov chain, known as the Glauber dynamics, converges to a random k-coloring
after O(n log n) steps, provided k/∆ > 2. This led to the challenging problem of determining the
smallest value of k/∆ for which a random k-coloring can be generated in time polynomial in n.
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Vigoda [17] gave the first significant improvement over Jerrum’s result, reducing the lower bound on
k/∆ to 11/6 by analyzing a different Markov chain. There has been no success in extending Vigoda’s
approach to smaller values of k/∆, and it remains the best bound for general graphs.

Dyer and Frieze [5] introduced a promising approach, known as the burn-in method, which improved
the lower bound on k/∆ for the class of graphs with large maximum degree and large girth. Coupling
is a standard approach for estimating the mixing time of a Markov chain. We take two copies (Xt, Yt)
of a Markov chain M and then bound the variation distance dt of the t-step distribution from the
steady state via the coupling inequality

dt ≤ Pr(Xt 6= Yt). (1)

We are free to choose our coupling and we endeavour to minimise the RHS of (1). Often we define
a distance function dist between states such that Xt 6= Yt implies dist(xt, Yt) ≥ 1 and then try to
prove that our coupling satisfies

E(dist(Xt+1, Yt+1) | Xt, Yt) ≤ αdist(Xt, Yt) (2)

for some α < 1.

One must consider all possible Xt, Yt and so it would seem that we have to take a worst-case pair
here. (We should point out that path-coupling [3] does ameliorate this). In the burn-in method, we
allow the chains to run uncoupled for a sufficient amount of time (the burn-in period) so that only
average pairs of states can be considered. Using this idea Dyer and Frieze reduced the bound to
k/∆ ≥ α for any α > α∗ where

α∗ ≈ 1.763

is the root of
α = e1/α.

They required lower bounds on the maximum degree ∆ = Ω(log n) and on the girth g = Ω(log ∆).
Under these assumptions, Dyer and Frieze proved that after the burn-in period, the colorings Xt

and Yt satisfy certain properties in the local neighborhood of every vertex, so called local uniformity
properties. Assuming these local uniformity properties avoided the worst case pair in (2).

With the same restrictions on the maximum degree and girth, Molloy [15] improved the lower bound
to k/∆ ≥ β for any β > β∗ where

β∗ ≈ 1.489

is the root of
(1− e−1/β)2 + βe−1/β = 1.

However, the girth and maximum degree requirements were still significant obstacles.
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The girth assumptions were the first to be (nearly) removed. Hayes [7] reduced the girth requirements
to g ≥ 5 for k/∆ > α∗ and g ≥ 6 for k/∆ > β∗. Subsequently, Hayes and Vigoda [8] (using a non-
Markovian coupling) reduced the lower bound on k/∆ to (1+ε) for all ε > 0, which is nearly optimal.
Their result requires girth g ≥ 9. However, the large maximum degree restriction remained a serious
bottleneck for extending the burn-in approach to general graphs. The assumption ∆ = Ω(log n) is
required in all of the improvements relying on the burn-in approach.

We dramatically improve the maximum degree assumption, only requiring ∆ to be a sufficiently
large constant, independent of n. When ∆ is constant, in a typical coloring a constant fraction of the
vertices do not satisfy the desired local uniformity properties. This is the main obstacle our proof
overcomes.

Before formally stating our theorem we will define the Glauber dynamics. All of the aforementioned
results (except Vigoda’s [17]) analyze the Glauber dynamics, which is a simple and popular Markov
chain for generating a random k-coloring.

Let K denote the set of proper k-colorings of G. For technical purposes, the state space of the
Glauber dynamics is Ω = [k]V ⊇ K where [k] = {1, 2, . . . , k}. From a coloring Zt ∈ Ω, the evolution
Zt → Zt+1 is defined as follows:

(a) Choose v = v(t) uniformly at random from V .

(b) Choose color c = c(t) uniformly at random from the set of colors
[k] \ Zt(N(v)) available to v. The set N(v) denotes the neighbors of vertex v.

(c) Define Zt+1 by

Zt+1(u) =

{
Zt(u) u 6= v

c u = v

It is straightforward to verify that the stationary distribution is uniformly distributed over the set K.
For δ > 0, the mixing time τmix(δ) is the number of transitions until the dynamics is within variation
distance at most δ of the stationary distribution, assuming the worst initial coloring Z0.

We prove the following theorem.

Theorem 1. Let α∗ ≈ 1.763 and β∗ ≈ 1.489 be the constants defined earlier. For all ε > 0, there
exists C > 0, such that for every graph G on n vertices with maximum degree ∆ and girth g, if either:

(a) k ≥ max{(1 + ε)α∗∆, C} and g ≥ 5, or

(b) k ≥ max{(1 + ε)β∗∆, C} and g ≥ 6,
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then for all δ > 0, the mixing time of the Glauber dynamics on k-colorings of G satisfies

τmix(δ) ≤ Cn log(n/δ).

Our proof analyzes a simple coupling over T = Θ(n) steps for an arbitrary pair of colorings which
initially differ at a single vertex v0. We prove that the expected Hamming distance after T steps is
at most 3/4. We do this by breaking the analysis into two scenarios. In the advantageous scenario,
during the entire T steps, the Hamming distance stays small and all disagreements are close to v0.
If both of these events occur, after an initial burn-in period of Tb < T steps, every updated vertex
near v0 will have certain local uniformity properties (the same properties used by [5, 15, 7]). It will
then be straightforward to prove that the Hamming distance decreases in expectation over the final
T − Tb steps. In the disadvantageous scenario where one of the events fails, we use a crude upper
bound on the Hamming distance.

2 Preliminaries

For Xt, Yt ∈ Ω, denote their difference by

Dt = {v : Xt(v) 6= Yt(v)},

and their cumulative difference by
D∗

t =
⋃
t′≤t

Dt.

Denote their Hamming distance by Ht = |Dt|, and let H∗
t = |D∗

t |. For x, y ∈ V , let d(x, y) denote
the length of the shortest path from x to y in the graph G. Finally, for vertex v, let d(v) denote its
degree and N(v) denote its neighborhood.

For an event A, we will use the notation 1(A) to refer to the {0, 1}-valued indicator variable for the
event A, i. e.,

1(A) =

{
1 if A

0 if A.

We will prove convergence using path coupling [3] for T steps of Glauber dynamics, where T will be
defined shortly. Therefore, to prove Theorem 1, for all X0, Y0 ∈ Ω where H0 = 1, we need to define
a coupling such that

E(H(XT , YT )) ≤ 3
4

(3)
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Applying the path coupling approach of Bubley and Dyer [3], it is clear this implies the mixing time
satisfies

τmix(δ) = O(T log(n/δ)).

We use Jerrum’s optimal one-step coupling [10]. At every time t we choose a random vertex v = v(t),
and update v in both chains Xt and Yt. We maximally couple the available colors for v to define
Xt+1(v) and Yt+1(v).

It will be useful to consider the notion of propagation of disagreements. If for some t, v = v(t) we
have Xt(v) = Yt(v) and Xt+1(v) 6= Yt+1(v) then there exists a neighbor w of v which propagating its
disagreement to v in the following sense: in chain X we chose color c(t + 1) = Yt(w) or in chain Y
we chose c(t + 1) = Xt(w). In this way, a new disagreement at time t can be traced back via a path
of disagreements to v0, the initial vertex of disagreement.

For a colouring Xt and vertex v, let

A(Xt, v) = |[k] \Xt(N(v))|,

denote the number of available colors for v in Xt.

For colours c1 6= c2, w ∈ V , v ∈ N(v), coloring Xt, let

1(U(Xt, w, v, c1, c2)) =

{
1 if {c1, c2} 6⊂ Xt(N(w) \ {v})
0 otherwise

be the indicator variable for the event that w is unblocked for c1 or c2, i.e., at least one of c1 and c2

does not appear on N(w) \ {v}. We use the following lemma from Hayes [7].

Lemma 2 (Hayes [7]). For every ε > 0 there exists C∗ > 0 such that for every graph G = (V,E)
with maximum degree ∆ > C∗ and for k > 1.45∆, all X0 ∈ Ω, for every t > C∗n log ∆,

1. If the girth of G is ≥ 5, then for all v ∈ V ,

Pr (A(Xt, v) < (1− ε)k exp(−∆/k)) ≤ exp(−ε2∆/100).

2. If the girth of G is ≥ 6, then for all v ∈ V , for every pair of colours c1, c2 ∈ [k],

Pr

 ∑
w∈N(v)

1(U(Xt, w, v, c1, c2))
A(Xt, w)

≥ (1 + ε)
∆(1− e−∆/k)2

k exp(−∆/k)

 ≤ exp(−ε2∆/100).
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3 Proof of Theorem

Fix a small positive constant δ > 0. For part (a) assume that k = (1 + δ)α∗∆, where δ < .3
(otherwise, Jerrum’s result [10] for k > 2∆ applies). For part (b), assume that k = (1 + δ)β∗∆,
where δ < .3 (otherwise, part (a) applies).

3.1 Definitions

Our proof makes use of various constants which we list here for convenience. The constant C∗ in the
definition of Cb is the same C∗ postulated in Lemma 2.

Cb = C∗ ln(1/δ) log ∆ Tb = Cbn
C = 40Cb/δ T = Cn
Dmax = e20C R = ln(Dmax)

Θ0 = (1− δ/2)k exp(−∆/k) Ψ0 = (1 + δ/2)∆(1−e−∆/k)2

k exp(−∆/k)

3.2 Path coupling

Consider a pair X0, Y0 ∈ Ω where D0 = {v0}, and we will prove (3) holds. We begin with the
definitions of the “bad” events of interest during our coupling period of T steps. If none of these
events occur, we will prove that the Hamming distance contracts in expectation over the remaining
T −Tb steps. If any of these events occur, we will use a crude upper bound on the Hamming distance.

Let BR = {y ∈ V | d(v0, y) ≤ R} denote the ball of radius R centered at v0 where D0 = {v0}. For
t > Tb, we define the following bad events:

• D(t) denotes the event H∗
t ≥ Dmax.

• B1(t) denotes the event D∗
t 6⊆ BR.

• For part (a) of Theorem 1, let B2(t) denote the event that there exists Cbn ≤ τ ≤ t such that
at time τ , v(τ) ∈ BR and there exists there exists z ∈ BR such that

A(Xτ , z) < Θ0.

For part (b) of Theorem 1, let B2(t) denote the event that there exists Cbn ≤ τ ≤ t such that
at time τ , v(τ) ∈ BR and there exists z ∈ BR and colours c1, c2 such that∑

w∈N(z)

1(U(Xt, w, z, c1, c2))
A(Xτ , w)

≥ Ψ0.
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• B3(t) denotes the event that there exists Cbn ≤ τ ≤ t such that at time τ , there exists z ∈ BR

such that
|{w ∈ N(z) : Xτ (w) 6= Yτ (w)}| ≥ ∆1/3.

• B4(t) denotes the event that there exists Cbn ≤ τ ≤ t such that at time τ , there exists z ∈ BR

such that
|{w ∈ N2(z) : Xτ (w) 6= Yτ (w)}| ≥ ∆2/3.

Then we let
B(t) = B1(t) ∪ B2(t) ∪ B3(t) ∪ B4(t),

and finally we define our good event to be

G(t) = D(t) ∩ B(t).

For all of these events when the time t is dropped, we are referring to the event at time T .

We will bound the Hamming distance by conditioning on the above events in the following manner,

E (HT ) = E (HT1(D)) + E
(
HT1(D)1(B)

)
+ E (HT1(G))

≤ E (HT1(D)) + DmaxPr (B) + E (HT1(G)). (4)

We will bound each of the terms in (4) by 1/4, thus ensuring that E(HT ) ≤ 3/4. This will verify (3)
and Theorem 1.

Lemma 3. E (HT1(D)) < 1/4.

Proof We will prove that for every integer 1 ≤ D ≤ n,

Pr (H∗
T ≥ D) ≤ exp(−De−2C). (5)

For 1 ≤ i ≤ D, let ti be the time at which the i’th disagreement is generated (possibly counting the
same vertex multiple times). Denote t0 = 0. Let ηi := ti− ti−1 be the waiting time for the formation
of the i’th disagreement. Conditioned on the evolution at all times in [0, ti], the distribution of ηi

stochastically dominates a geometric distribution with success probability iρ, where ρ = ∆/kn. This
is because at all times prior to ti we have Ht ≤ i and thus the set H∗

t increases with probability at most
i∆/kn at each step, regardless of the history. Hence η1 + · · ·+ ηD stochastically dominates the sum
of independent geometrically distributed random variables with success probabilities ρ, 2ρ, . . . ,Dρ.
Now for any real x > 0,

Pr(ηi ≥ x) = (1− iρ)dxe−1 ≥ exp
{
− iρ

1− iρ
x

}
≥ e−2iρx
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since iρ ≤ nρ = ∆/k ≤ 4/7.

Thus η1 + · · ·+ ηD stochastically dominates the sum of exponential random variables ζ1, ζ2, . . . , ζD

with parameters 2ρ, 4ρ, . . . , 2Dρ.

Now consider the problem of collecting D coupons, assuming each coupon is generated by a Poisson
process with rate 2ρ. The delay between collecting the i’th coupon and the i + 1’st coupon is
exponentially distributed with rate 2(D − i + 1)ρ. Hence the time to collect all D coupons has the
same distribution as ζ1 + · · · + ζD. But the event that the total delay is less than T is nothing but
the intersection of the (independent) events that all coupons are generated in [0, T ]. The probability
of this is (

1− e−2Tρ
)D

< exp
(
−De−2C

)
.

This completes the proof of (5).

We can now bound the expected Hamming distance at time T as follows:

E (HT1(D)) ≤ E (H∗
T1(D))

=
n∑

D=Dmax

D Pr (H∗
T = D)

= DmaxPr (H∗
T ≥ Dmax) +

n∑
D=Dmax+1

Pr (H∗
T ≥ D)

<
∑

D≥Dmax

DmaxPr (H∗
T ≥ D)

<
∑

D≥Dmax

Dmax exp(−De−2C) by (5)

=
Dmax exp(−Dmaxe

−2C)
1− exp(−e−2C)

< Dmax exp(3C −Dmaxe
−2C)

Since Dmax = e20C , the above quantity is e23C−e18C
< 1/4. This completes the proof of the Lemma.

2

We now bound the probability of one of the bad events occuring.

Lemma 4. Pr (B) ≤ 1/4Dmax.

Proof We can bound the probability of the event B1 by a standard paths of disagreement
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argument.

Pr (B1) ≤ ∆R

(
T

R

)
1

(n(k −∆))R

< (2Ce/R)R

< 1/20Dmax. (6)

To bound the probability of the event B2, we first bound the number of re-colorings of interest. Let

S = {Tb < t ≤ T : v(t) ∈ BR}.

For σ = 100C∆R+1,

Pr (|S| ≥ σ) ≤
(

T − Tb

σ

)
(∆R+1/n)σ ≤ (Ce∆R+1/σ)σ < 1/40Dmax. (7)

At each time t ∈ S, by Lemma 2, with ε = δ/2, the desired bound on the local uniformity property
of a vertex z fails with probability at most exp(−δ2∆/400). Therefore,

Pr (B2) ≤ 1/40Dmax + σ∆R+1 exp(−δ2∆/400) < 1/20Dmax. (8)

We can bound the probability of the event B3(t) by a standard paths of disagreement argument.

Pr (B3(t)) ≤ ∆R

(
∆

∆1/3

)(
T

∆1/3

)
1

(n(k −∆))∆1/3

< ∆R

(
∆e2Cn

∆2/3n(k −∆)

)∆1/3

< 1/20Dmax.

We can bound the probability of the event B4(t) in a similar way.

Pr (B4(t)) ≤ ∆R

(
∆2

∆2/3

)(
T

∆2/3

)
1

(n(k −∆))∆2/3

< ∆R

(
∆2e2Cn

∆4/3n(k −∆)

)∆2/3

< 1/20Dmax.

2

Lemma 5. E (HT1(G)) < 1/4.
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Proof We will bound the expected change in H(Xt, Yt) using path coupling. Thus, let W0 =
Xt,W1,W2, . . . , Wh = Yt be a sequence of colourings where h = H(Xt, Yt) and Wi+1 is obtained
from Wi by changing the color of one vertex wi from Xt(wi) to Yt(wi). We maximally couple Wi and
Wi+1 in one step of the Glauber Dynamics to obtain W ′

i ,W
′
i+1. More precisely, both chains recolor

the same vertex, and maximize the probability of choosing the same new color for the chosen vertex.

Consider a pair Wi,Wi+1. With probability 1/n both chains recolor wi to the same color, and the
distance decreases by one. Consider z ∈ N(wi), and let c1 = Wi(wi) and c2 = Wi+1(wi). Note, color
c1 is not valid for z in Wi, however, it is valid in Wi+1 if c1 6∈ Wi+1(N(z) \ {wi}). Similarly, color c2

is valid in Wi+1, but it is valid in Wi if c2 6∈ Wi(N(z) \ {wi}). If at least one of these two cases hold,
with probability at most 1/n min{A(Wi, z), A(Wi+1, z)}, vertex z is recolored to different colors in
the two chains. Therefore, given Wi,Wi+1,

E(H(W ′
i ,W

′
i+1))−H(Wi,Wi+1) ≤ − 1

n
+

1
n

∑
z∈N(wi)

1(U(Wi, z, wi, c1, c2))
min{A(Wi, z), A(Wi+1, z)}

(9)

In any coloring every vertex has at least k − ∆ available colors. Since k − ∆ ≥ ∆/3, we have the
following trivial bound. Given Wi,Wi+1,

E(H(W ′
i ,W

′
i+1))−H(Wi,Wi+1) ≤ − 1

n
+

∆
n

3
∆

=
2
n

. (10)

Therefore, given Xt, Yt,

E(H(Xt+1, Yt+1))−H(Xt, Yt) ≤
2
n

H(Xt, Yt). (11)

This bound will only be used for the burn-in phase of Tb steps. We will need to do significantly
better for the remaining T − Tb steps of an epoch.

Assume that G(t) holds. We will bound the distance in (9) separately for part (a) and part (b) of
Theorem 1.

Suppose G has girth ≥ 5 and k = (1 + δ)α∗∆, δ < .3. For all 0 ≤ i ≤ h, z ∈ BR, all t ∈ [Tb, T − 1],

A(Wi, z) ≥ A(Xt, z)−∆1/3 ≥ Θ0 −∆1/3

Hence, for t ∈ [Tb, T ], given Wi,Wi+1,

E(H(W ′
i+1,W

′
i )−H(Wi+1,Wi)) ≤ − 1

n
+

∆
(Θ0 −∆1/3)n

≤ − δ

4n
(12)
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Suppose G has girth ≥ 6 and k = (1 + δ)β∗∆, δ < .3. For all 0 ≤ i ≤ h, z ∈ BR, c1, c2 ∈ [k], all
t ∈ [Tb, T − 1],

∑
y∈N(z)

1(U(Wi, y, z, c1, c2))
min{A(Wi, y), A(Wi+1, y)}

≤
∑

y∈N(z)

1(U(Xt, y, z, c1, c2))
A(Xt, y)−∆1/3

+
∆2/3

k −∆
≤ Ψ0 + 5∆2/3, (13)

since A(Xt, y) ≥ k −∆ > ∆/3. Plugging (13) into (9) proves (12) for part (b) of the Theorem.

Therefore, for parts (a) and (b) of the Theorem, for t ∈ [Tb, T − 1], given Xt, Yt,

E(H(Xt+1, Yt+1)−H(Xt, Yt)) ≤ − δ

4n
H(Xt, Yt). (14)

Let t ∈ [Tb, T − 1]. Then

E (Ht+11(G(t))) = E (E (Ht+11(G(t)) | X0, Y0, . . . , Xt, Yt))
= E (E (Ht+1 | X0, Y0, . . . , Xt, Yt)1(G(t)))
≤ (1− δ/4n)E (Ht1(G(t)))
≤ (1− δ/4n)E (Ht1(G(t− 1)))

The above derivation deserves some words of explanation. In brief, the first equality is Fubini’s
Theorem, the second is because G(t) is determined by X0, Y0, . . . , Xt, Yt. The first inequality uses
(14) and the definition of G(t), and the second inequality uses G(t) ⊂ G(t− 1).

By induction, it follows that

E (HT1(G)) ≤ (1− δ/4n)T−Tb E (HTb
1(G(Tb))).

And by (11) and the exact same argument for t ∈ [0, Tb − 1],

E (HT1(G)) ≤ (1− δ/4n)T−Tb (1 + 1/3n)Tb H0. (15)

The result follows from the choice of constants (note, H0 = 1). 2
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